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Abstract. In 1981 W. Fulton and R. MacPherson introduced the notion of bivaiiant 
theory (BT), which is a sophisticated unification of covariant theories and contravariant 
theories. This is for the study of singular spaces. In 2001 M. Levine and F. Morel in- 
troduced the notion of algebraic cobordism, which is a universal oriented Borel-Moore 
functor with products (OBMF) of geometric type, in an attempt to understand better V. 
Voevodsky's (higher) algebraic cobordism. In this paper we introduce a notion of oriented 
bivariant theory (OBT), a special case of which is nothing but the oriented Borel-Moore 
functor with products. The present paper is a first one of the series to try to understand 
Levine-Morel's algebraic cobordism from a bivariant-theoretical viewpoint, and its first 
step is to introduce OBT as a unification of BT and OBMF. 



1. Introduction 

William Fulton and Robert MacPherson have introduced the notion of bivariant the- 
ory as a categorical framework for the study of singular spaces, which is the title of their 
AMS Memoir book f7^ (see also Fulton's book [6l). The main objective of [7| is bivariant- 
theoretic Riemann-Roch's or bivariant analogues of various theorems of Grothendieck- 
Riemann-Roch type. 

Vladimir Voevodsky has introduced algebraic cobordism (now called higher algebraic 
cobordism), which was used in his proof of Milnor's conjecture ifTsl . Daniel Quillen in- 
troduced the notion of (complex ) oriented cohomology theory on the category of differ- 
ential manifolds 1 15J and this notion can be formally extended to the category of smooth 
schemes in algebraic geometry. Marc Levine and Fabien Morel constructed a universal 
oriented cohomology theory, which they also call algebraic cobordism, and have investi- 
gated furthermore (see [8 1, |9|, 1 10|, fTT\ . lfT2l and see also fT4l for a condensed review). 
Recently M. Levine and R. Pandharipande fTsl gave another equivalent construction of the 
algebraic cobodism via what they call "double point degeneration" and they found a nice 
application of the algebraic cobordism in the Donaldson-Thomas theory of 3-folds. 

In this paper we extend Fulton-MacPherson's bivariant theory to what we call an ori- 
ented bivariant theory for a general category, not just for a geometric category of, say, 
complex algebraic varieties, schemes, etc. In most interesting cases bivariant theories such 
as bivariant homology theory, bivariant Chow group theory, bivariant algebraic K-theory 
and bivariant topological K-theory are already oriented bivariant theories. We show that 
even in this general category there exists a universal oriented bivariant theory, whose 
special case gives rise to a universal oriented Borel-Moore functor with products. Levine- 
Morel's algebraic cobordism requires more geometrical conditions. Indeed, they call alge- 
braic cobordism a universal oriented Borel-Moore functor with products of geometric type 
lfT2l . In a second paper ['201 we will deal with an oriented bivariant theory of geometric 
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type. In f2T\ we apply our approach to (co)bordism groups. 

One purpose of this paper is to bring Fulton-MacPherson's Bivariant Theory to the 
attention of people working on algebraic cobordism and/or subjects related to it. 

2. Fulton-MacPherson's Bivariant Theory 

We make a quick review of Fulton-MacPherson's bivariant theory Q. 

Let V be a category which has a final object pt and on which the fiber product or fiber 
square is well-defined. Also we consider a class of maps, called "confined maps" (e.g., 
proper maps, projective maps, in algebraic geometry), which are closed under composition 
and base change and contain all the identity maps, and a class of fiber squares, called "in- 
dependent squares" (or "confined squares", e.g., "Tor-independent" in algebraic geometry, 
a fiber square with some extra conditions required on morphisms of the square), which 
satisfy the following: 

(i) if the two inside squares in 

X" — ^ X' — ^ X 

Y" > Y' > Y 

h g 

or 

X' > X 

h" 

4 I' 

Y' > Y 

h' 



Z' 



z 



are independent, then the outside square is also independent, 
(ii) any square of the following forms are independent: 



idx 

X — ^x 



Y—^Y 




where ] : X ^Y \& any morphism. 

A bivariant theory B on a category V with values in the category of graded abelian 
groups is an assignment to each morphism 

X Uy 

in the category V a graded abelian group (in most cases we ignore the grading ) 



B(X i Y) 

which is equipped with the following three basic operations. The i-th component of 
^ r), i G Z, is denoted by W{X U Y). 
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Product operations: For morphisms f : X and g -.Y ^ Z, the product operation 

• : B'{X Ay)® M^{Y ^ Z)^ B'+^{X ^ Z) 

is defined. 

Pushforward operations: For morphisms ] : X ^Y and g -.Y ^ Z with / confined, 
the pushforward operation 

/, : W{X ^ Z)^ W{Y Z) 

is defined. 

Pullback operations: For an independent square 



X' 


a 


-> X 


i 

Y' 




1- 

^ y, 
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the pullback operation 

g* : B''{X A F) M\X' ^ Y') 

is defined. 

These three operations are required to satisfy the seven compatibility axioms (see Q 
Part I, §2.2] for details): 



(B-1) product is associative, 

(B-2) pushforward is functorial, 

(B-3) pullback is functorial, 

(B-4) product and pushforward commute, 

(B-5) product and pullback commute, 

(B-6) pushforward and pullback commute, and 

(B-7) projection formula. 



We also assume that B has units: 

Units: B has units, i.e., there is an element \x € B"(X X) such that a • Ix = a 
for all morphisms ^ X, all a £ B(VF X); such that Ix • (3 — (3 for all morphisms 
X ^ y, all /3 e M{X Y); and such that g*lx = Ix' for all g : X' ^ X. 

Let B, B' be two bivariant theories on a category V. Then a Gwthendieck transformation 
from B to B' 

7 : B ^ B' 

is a collection of homomorphisms 

B(X -^Y) ^ B'(X ^ Y) 

for a morphism X ^ Y in the category V, which preserves the above three basic opera- 
tions: 

(i) 7(a (3) = 7(a) 7(/3), 

(ii) 7(/*a) = /*7(a), and 

(iii) 7 (5* a) = 3*7(0:). 

For more details of interesting geometric and/or topological examples of bivariant theo- 
ries (e.g., bivariant theory of constructible functions, bivariant homology theory, bivariant 
if-theory, etc.,) and Grothendieck transformations among bivariant theories, see In 
this paper we treat with bivariant theories more abstractly from a general viewpoint. 
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A bivariant theory unifies both a covariant theory and a contravariant theory in the fol- 
lowing sense: 

(X) := M{X pt) becomes a covariant functor for confined morphisms and 

M*(X) := M{X X) becomes a contravariant functor for any morphisms. 
A Grothendieck transformation 7:8^8' induces natural transformations 7* : B, ^ B', 
and 7* : 1* ^ B'*. 

As to the grading, M,{X) := K-''{X ^ X) and W {X) := W {X ^ X). 

In the rest of the paper we assume that our bivariant theories are commutative (see Q, 
§2.2), i.e., if whenever both 





are independent squares, then for a £ B(X ^ Z) and j3 G B(y ^ 



Z) 



5*(«)«/3 = r(/3)«a. 
(Note: if g*{a) • (3 = (_l)dog(o) dcg(/3)|*(^) , jj^gj^ ^^^jjg^ skew-commutative) 

Definition 2.1. (|7 1, Part I, §2.6.2 Definition) Let 5 be a class of maps in V, which is closed 
under compositions and containing all identity maps. Suppose that to each f : X ^ Y \n 

S there is assigned an element 0{f) e M{X ^ Y) satisfying that 

(i) e{g o /) = e{f) . e[g) for all / : X ^ y, .g : y - 

(ii) e{iAx) = Ix for all X with Ix e M*{X) := B{X 
Then 6{f) is called a canonical orientation of /. 



Z G 5 and 

id 



X) the unit element. 



Note that such a canonical orientation makes the covariant functor B* (X) a contravari- 
ant functor for morphisms in S, and also makes the contravariant functor B* a covariant 
functor for morphisms in C n 5: Indeed, 

(*) for a morphism f : X ^Y ^ S and the canonical orientation 6' on 5 the following 
Gysin homomorphism 



,{X) defined by f [a) := e{f) • a 



is contravariantly functorial. And 

(**) for a fiber square (which is an independent square by hypothesis) 



X 
X 



f 



Y 



Y, 



where / G C n iS, the following Gysin homomorphism 

/i : n*{X) ^ B*(y) defined by /1(a) 



is covariantly functorial. The notation should carry the information of S and the canonical 
orientation 9, but it will be usually omitted if it is not necessary to be mentioned. Note that 
the above conditions (i) and (ii) of Definition ( 12.1b are certainly necessary for the above 
Gysin homomorphisms to be functorial. 
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Definition 2.2. (i) Let S be another class of maps called "specialized maps" (e.g., smooth 
maps in algebraic geometry) in V , which is closed under composition, closed under base 
change and containing all identity maps. Let B be a bivariant theory. If S has canonical 
orientations in B, then we say that S is canonically B-oriented and an element of S is 
called a canonically B-oriented morphism. (Of course S is also a class of confined maps, 
but since we consider the above extra condition of B-orientation on S, we give a different 
name to 5.) 

(ii) Let S be as in (i). Let B be a bivariant theory and S be canonically B-oriented. 
Furthermore, if the orientation 9 onS satisfies that for an independent square with / G iS 

X' — ^ X 

4 1' 

y > Y 

a 

the following condition holds 

(which means that the orientation 6 preserves the pullback operation), then we call 9 a nice 
canonical orientation and say that S is nice canonically M-oriented and an element of S is 
called a nice canonically M-oriented morphism . 

In the following proposition we deal with cross product (Q, Part I, §2.4 External prod- 
ucts). For that we need the assumption that all the four small squares in the following big 
diagrams are independent (hence any square is independent): 

XxY X'xY Y 



Idxxg 



1 l'''-'^^ I' 

X X Y' X' X Y' Y' 



Idx X q 



1 ["^'^' [' 

X > X' > pt. 

f p 

Proposition 2.3. Let M be a bivariant theory and let S be as above. 

(1) Define the natural exterior product 

X : M{X -> pt) X B(r ^ pt) M{X xY ^pt) 

by 

a X (3 := TTyCt • j3. 

Then the covariant functor B, /or confined morphisms and the contravariant functor B* /or 
morphisms in S are both compatible with the exterior product, i.e., for confined morphisms 
f : X ^ X', g -.Y ^Y', 

if X g)4a X (3)^ /,a x g^P 
and for morphisms f : X ^ X', g :Y ^ Y' in S, 

{fxg)\a'x(3') = fa'xg'-p'. 

(2) Similarly, define the natural exterior product 

X : M{X ^X)x B(y ^ y) ^ M{X x Y ^^^^ X x X) 

by 

a X /3 pi* a • p2* P 
where pi : X x Y ^ X and p2 : X x Y Y be the projections. 
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Then the contravariant functor B* for any morphisms and the covariant functor B* for 
morphisms inCCiS are both compatible with the exterior product, i.e., for any morphisms 
f -.X ^ X',g:Y ^Y', 

{fxgr{ax(3) = f*axg*p 

and for morphisms / : X — > X', g : Y ^ ¥' in C (1 S, 

{fxg),{a'xp') = f,a'xg,p'. 

Proof The proof is tedious, using several axioms of the bivariant theory. For the sake of 
completeness we give a proof. But, we give a proof for only (1) and a proof for (2) is left 
for the reader. 

For morphisms f : X ^ X' and g : Y ^ Y', consider the above big commutative 
diagrams. The proof of (/ x 5)* (a x /3) = /*q; x g^(3 goes as follows: 

if X g)^{a X p) = if X g)^ ({qgfa • /?) (by definition) 
= (/x5)*((5* (g*a))-/3) 
= {Idx' X /). {{f X My), [g* {q*a) . /?) 
= {Idx' X /), (^(/ x Idy), {g* {q*a)) . 13^ (by (B-4)) 
= {Idx' X /). (^g* ((/ X Idy), {q*a)fj . /3 (by (B-6)) 

= (Idx' X /), (5* {q* if, a)) . /3) (by (B-6)) 
(by(B-7)) 

= f^a X g^fi (by definition) 
Next we show (/ x g)\a' x (3') = fa' x g-p'. For this, first we observe that 

(/ X gf := {e{f) X e{g)) . . 

On one hand we have that 

(/ X g)\a' X P') = {e{f) X e{g)) • {q*a' • 0) (by definition) 
= {e{f)xe{g)).q*a'*p' 

= {ldx'Xf)*{IdY'Xqy){6{f))*{pxIdY'T{6{g))*q*a'*p' 
On the other hand we have that 

f a' X g'p' = {6{f) . a') x {e{g) • /?') (by definition) 
= ((95rW/) •«'))• (%)•/?') 
= [g*(q*{9{f).a'))^.{e{g).p') 

= g* ({IdY' X q)*af • q*a') • e{g) • p' 

= (idx' X fnidY' X qr){e{f))»g*{q*a').eig).p' 

= (idx' X fY{IdY> XqYye{f))*{pxIdY'ne{g))*q*a' .p' 

The last equality follows from the commutativity of the bivariant theory. Thus we get 
the above equality. □ 
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Here we remark the following fact about the covariant and contravariant functors B^j and 
B*, which will be needed in later sections. They are almost what Levine and Morel call 
Borel-Moore functor with products in [12] (see also lfT4l ): namely they do not necessarily 
have the additivity property, which is explained below after the proposition. 

Proposition 2.4. Let the situation be as above. 

(1-i) for confined morphisms f : X -^Y, the pushforward homomorphisms 

:B,(X) ^B,(r) 

are covariantly functorial, 

(l-ii)for morphisms in S, i.e., for nice canonical M-orientable morphisms f : X Y, 
the Gysin (pullback) homomorphisms 

/■ iB^r) ^B^X) 

are contravariantly functorial, 
(1 -Hi) for an independent square 



X' 


g 


X 


/' 








f 


Y' 




^ Y 
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with g E C and f E S, the following diagram commutes: 

B»(r') v^x') 

g. g'. 

B,(r) — ^ B^x), 

(1-iv) the pushforward homomorphisms /, : B*(X) M^{Y) for confined t^iorphisms 
and the Gysin (pullback) homomorphisms /' : B,(y) B»(X) /or morphisms in S are 
both compatible with the exterior products 

X ;B,(X)®B,(r)^B,(Xxy). 

(2-i) for any morphisms f : X —>Y, the pullback homomorphisms 

f* : M*{Y) B*(r) 

are contravariantly functorial, 

( 2-ii)for confined and specialized morphisms in CnS, i. e.,for confined and nice canon- 
ical M-orientable morphisms f : X —^ Y, the Gysin (pushforward) homomorphisms 

f : M*{X) ->S*{Y) 

are covariantly functorial, 

(2-iii) for an independent square 



X' 


g 


X 


/' 






[• 


Y' 




^ Y 



g 
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with g E C r\S, the following diagram commutes: 

M*{Y') > B*{X') 

31 g't 
M*{Y) . B*{X), 

(2-iv) the pullback homomorphisms f* : M*{Y) M*{Y)forany morphisms / : X — > 
Y and the Gysin (pushforward) homomorphisms f\ : M*{X) —> M* (Y) for confined and 
specialized morphisms in C DS are both compatible with the exterior products 

X : W{X)®W{Y) -^W{X X Y). 

Remark 2.5. As mentioned above, what Levine and Morel call Borel-Moore functor with 
products requires the following additivity property : e.g., if iJ* is the usual homology theory, 
for the disjoint union X ]J F of spaces 

h,xxY[y) = H,{X)®H,{Y). 

If we want a bivariant theory to have such an additivity property, we need more require- 
ments on the category. We assume that 

(1) our category is closed under taking the coproduct ]J, 

(2) the morphisms ix ■ X ^ XY[Y and iy : F ^ X ]J F are confined and nice 
canonical B-orientable and strongly orientable in the sense of Fulton-MacPherson Q 2.6 
Orientations], 

(3) f . XY[y ^ Z is confined if and only if f\x ■— f ° ix X ^ Z and /|y := 
f oiy : Y Z are confined, 

(4) our category satisfies that any fiber square with f E C 

P' > P 

f f 
Q' > Q 

is independent. This assumption shall be provisionally called "C-independence" . 

Under these assumpitons, the additivity property for our bivariant theory means that the 
following homomorphism is an isomorphism: 

ix. © iy* : B(X ^ Z) ® M{Y ^ Z) ^M{x\[y ^ Z). 
The special cases imply the following additivity formulas:for the coproduct X ]J F, 

B*(x]Jy) = B*(x) ®B*(y). 

This additivity property is not so important, but when we need this additivity property and 
want to emphasize it, we call such a bivariant theory an additive bivariant theory. 

3. A Universal Bivariant Theory 

The following theorem is about the existence of the universal bivariant theory in a class 
of bivariant theories defined on a category V which is equipped with a class C of confined 
morphisms, a class of independent squares and a class S of specialized morphisms. 

Theorem 3.1. Let V be a category equipped with a class C of confined morphisms, a class 
of independent squares and a class S of specialized maps. We define 

M%{X ^ Y) 
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to be the free abelian group generated by the set of isomorphism classes of confined mor- 
phisms h:W ^ X such that the composite ofh and f is a specialized map: 

heC and fohiW^YeS. 

(1) The assignment Mg is a bivariant theory if the three operations are defined as 
follows: 

Product operations; For morphisms f : X ^ Y and g : Y ^ Z, the product 
operation 

• : Mg(X ^ y) Mg(y ^ Z)^ M${X ^ Z) 

is defined by 



\y,mv[V ^ X]\ . \y,nw[W ^ Y] \ := ^ mvnw[V 
\ V / \w J v,w 



X], 



where we consider the following fiber squares 

V — ^ X' — ^ W 



kw 



V 



X 



z. 



Pushforward operations; For morphisms f : X ^ Y and g -.Y ^ Z with f confined, 
the pushforward operation 



is defined by 



: M%{X ^ -> M%{Y Z) 



U iY.^v[V ^ X\\ ■.= Y.ny[V ^ Y\. 
\v J V 



Fullback operations; For an independent square 

X' — ^ X 

r 

Y' 



the pullback operation 
is defined by 



g* : yfs{X ^ r) M%{X' A Y') 



g* (Y^nviV ^ X]] :=J2nv[V' ^ X'], 
\v J V 



where we consider the following fiber squares: 



V -^-^ V 



X' — ^ X 
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(2) Let BT be a class of bivariant theories B on the same category V with a class C 
of confined morphisms, a class of independent squares and a class S of specialized maps. 
We also assume that our category satisfies the "C -independence" defined in the previous 
section. Let S be nice canonically M-oriented for any bivariant theory M 6 BT. Then, for 
each bivariant theory B G BT there exists a unique Grothendieck transformation 

7B : Mg ^ B 

such that for a specialized morphism f : X ^ Y ^ S the homomorphism 7b : {X 
Y) B(X — •' Y) satisfies the normalization condition that 

7i([X^X]) = 0„(/). 

Remark 3.2. (1) By the definition of M^, the class S is nice canonically M^-oriented 
with the canonical orientation [X ^ Y) := [X > X] for / G S. 

(2) The product operation • : M%(X ^ Y) ®M%{Y ^ Z) M.%{X ^ Z) 
can also be interpreted as follows. The free abelian group J^{X) generated by the set of 
isomorphism classes of confined morphisms /ly : F — ^ X is a commutative ring by the 
fiber product 

[Vi ^ X] U [V2 ^ X] [Vi XX V2 iiii^ X]. 

For a confined morphism f : X ~> Y we have the pushforward homomorphism /, : 
Ai{X) — ^ M{Y) and for any morphism / : X F we have the pullback homomorphism 
/* : M{Y) M{X). Then the product operation is nothing but 

[V ^ X] • [W ^ Y] ^ [V ^ X]U f*{[W ^ Y]). 

But in our case we need to chase the morphisms involved, so we just stick to this presenta- 
tion. 

Now we go on to the proof of Theorem l3.1l 

Proof. For (1), we have to show that the three bivariant operations are well-defined, but 
we show only the well-definedness of the bivariant product and the other two are clear 
To show that these three operations satisfy the seven axioms (B-1) — (B-7) is left for the 
reader 

Let [V ^ X]£ Mg(X ^ Y) and [W Y] e M${Y ^ Z); thus hy : V ^ X 
is confined and the composite f o hy '■ V ^ Y is in S, and also kw : W ^ Y is confined 
and the composite g o kw : W Z is in S. By definition we have 

[V ^ X]*[W ^Y] = [V '^^^^ X]. 

We want to show that [V X] eM${X ^ Z), i.e., 

(5 o /) o {hv o k'^) G S. 
From the fiber squares given in Product operations above, we have 

(.9 o /) ° {hv o k'^) = (.g o kw) o (/' o h'y) . 

/' o h'y is in S, because it is the puUback of / o hy and f o hy is in S and S is closed 
under base change by hypothesis, g o k\y is in S by hypothesis. Thus the composite 
{g o kw) o (/' o h'y) is also in S. Thus the bivariant product is well-defined. 

For (2), first we show the uniqueness. Suppose that there exists a Grothendieck trans- 
formation 

7 : M${X ^Y)^ M{X ^ Y) 
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such that for any / : X 
satisfies that j{[X ^ X]) = 



y e 5 the homomorphism 7 : Mg(X ^ F) ^ M(X 



U Y) 



Note that for any / : X ^ y e S, [X 

Mg(x i y) is a nice canonical orientation, i.e., 9^c (/) = [X — ^ X]. 

Let hv ■ V ^ X hea confined map such that f o hy ■ V ^ Y isinS. We have that 



V], where [V ^ V] e M${V Y). Since fohy&S 



[V h^U X] = hvAV ^ 
by hypothesis, it follows from the normalization that we get 

idv 



fohv 



= hvM[V ^ V]) 
= hv*OB{f o hv)- 



Thus it is uniquely determined. 

The rest is to show that the assignment 

7 : M%{X ^Y)^ M{X A y) 

defined by 7b ([V^ X]) = hv*Ov{f °hv) is well-defined and it is also a Grothendieck 
transformation, i.e., that it preserves the three bivariant operations. 

(i) the well-definedness of the above assignment 7: namely, it does not depend on the 
choice of hv ■ V ^ X. So, let us choose another one hy : V ^ X, i.e., we have the 
following commutative diagram: 



V 



X 



V 



X. 



Since /ly € C and the diagram is a fiber square, it follows from the C-independence as- 
sumption that it is independent. Therefore the outer square of the following diagram is 
independent since the lower square is independent by hypothesis: 



V 



X 



V 



hy 



X 



Y' 



y. 



Since f ohy € «S, the outersquare is independent and «S is nice canonically B-oriented, we 
have 

e{fohv')=idYO{fohv). 

Hence 



hv'*0{f o hv) = hvuiidyOif o hy)) 

= idY{hv*0{f o hv)) 
= hvJif o hv). 



(by (B-6) ) 



Thus it does not depend on the choice ofhy-V^X. 

(ii) it preserves the product operation: Letting the situation be as in (1), it suffices to 



show that 



^ (jy ^X].[W^ y]) 



i{[V^X]).jn{[W^Y]). 
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Using the fiber squares given in Product operations, we have 

= MiV -^^^ X]) (by the definition) 
= {hv ° ^^{9 o f ohv o k'^) (by the definition) 
= hv*k'^J-R{g o kw o f o h'v) 
= hv*kw^ {Osif o hy) • en{g o kw)) 
Here we need the assumption of C-independence. In the fiber squares 

V X' W 

^w\^ '^''^j, 

V > X > Y 

hv f 

kw '-W^Yis confined by the definition, hence the outer square is independent by this 
C-independence assumption. Therefore, since / o /ly : y — > F is in 5, the above equahty 
continues as follows: 

= hv^k'w^ {kw*0n{i.f o hy)) • 6'b(.9 o kw)) 

= hv* {ObU o hv) • kwA{g o kw)) (by (B-7) projection formula) 
= hvAU ° hv) • kwAig o kw) (by (B-4)) 
= M[V ^X]).M[W ^Y]). 

(iii) it preserves the pushforward operation: Consider X ^ Y Z and a confined 
morphsim hv '■ V ^ X such that the composite g o f o hv '■ V ^ Y is in S. 



jMV^X])='yu{[V^Y]) 

= (/ ° hv)A{g o (/ o hv)) 
= f*hvA{{g o /) o hv) 

= f^Mlv ^ X]) 

(iv) it preserves the pullback operation: Consider a confined morphsim hv ■ V ^ X 
such that the composite f o hv : V ^ Y isinS and the fiber squares given in Pullback 
operations above, we have 



M9*[V ^ X]) =M[v' ^ X']) 

= h'yM'0h'y) 

= h'vyOj,ifohv) 

= g*hvA{.fohv) (by(B-6)) 

= g*M[V^X]). 

This completes the proof of the theorem. □ 

Let iS be a class of specialized morphisms as above and let S be canonically B-oriented 
for a bivariant theory B. If ttx : X ^ pt is in S, in which case we sometimes say, abusing 
words, that X is specialized, then we have the Gysin homomorphism 

TTx- :M^{pt) ^M^X) 
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which, we recall, is defined to be 

TTx'ia) = 6'B(7rx) • a. 
In particular, if we let Ipt G M{pt) be the unit, then we have 

T^x'i^pt) = Sb{ttx) • Ipt = Ob{ttx)- 

This element nx'i^pt) = 0-B{Trx) is called the fundamental "class" of X associated to the 
bivariant theory B (cf. |[l2l, OH), denoted by [X]^. 

Corollary 3.3. Let BT be a class of additive bivariant theories B on the same category 
V with a class C of confined morphisms, a class of independent squares and a class S of 
specialized maps. Let S be nice canonically M-oriented for any bivariant theory B G BT. 
We also assume that our category satisfies the "C -independence ". Then, for each bivariant 
theory 1 S BT, 

(1) there exists a unique natural transformation 

7B* : Mg, ^ B, 

such that ifnx ■ X ^ pt is in S the homomorphism 7b^ : M^^(X) — > M^,{X) satisfies 
that 

ladX ^ X] = Trx'ilpt) ^ [X]b, 

and 

(2) there exists a unique natural transformation 

7B* : m%* ^ B* 

such that for any X the homomorphism 7b* : {X) B* (X) satisfies that 

jM*[x ^x] = ixeM*{x). 

Example 3.4. Here we recall some important examples of bivariant theories from f!]. In 
these examples, in each category V we let C = Vrop be the class of proper morphisms and 
S = Sm be the class of smooth morphisms and any fiber square is independent. 
NOTE: If we do not require the universality of M^, then we can take other morphisms 
such as local complete intersection morphisms for S, and also we can consider other more 
restricted squares such as Tor-independent squares for independent squares. 

(1) Bivariant theory of constructible functions F: Let V be the category of complex an- 
alytic or algebraic varieties. Then there is a unique Grothendieck transformation 

7F : - F 

such that for f : X eSm the homomorphism 7f : mZ^{X ^ Y) ^ ¥{X ^ Y) 

satsifies the normalization condition: 7F([-'i^ — ^ X]) = If = Tlx- 
We have unique natural transformations 

7F.:M^™^^^F.=F 
such that for any smooth variety X, jr^{[X X]) = Ix £ F{X) and 



7F*:M^^:;fP ^F* 

such that for any variety X, 7f* ( [X X] ) ^ Ix ^ F*{X). Here F* {X) is the abehan 
group of locally constant functions on X. 

(2) Bivariant homology theory H: Let V be the category of complex analytic or alge- 
braic varieties. Then there is a unique Grothendieck transformation 

7h:M^:°^^H 
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such that for f : X e Sm the homomorphism 7h : M^™''(X ^ Y) ^ M{X ^ 

Y) satisfies the normalization condition: 7h([-''^ X]) = Uf. For the construction of 
the canonical orientation Uf, see tZJ, Part II, §1.3, or yj, §IV.4. In particular, we have 
unique natural transformation: 

such that for any smooth variety X, -fn^{[X ^ X]) = [X] e Hf^{X) and 

such that for any variety X, -/M*i[X ^ X]) = 1 e H*{X). Here Hf^{X) is the 
Borel-Moore homology group and H*{X) is the usual cohomology group. 

(3) Bivariant Chow group theory (or Operational bivariant Chow group theory) A: Let 
V be the category of schemes. Then there is a unique Grothendieck transformation 

such that for / -.X^Ye 5m the homomorphism 7a : M^l°^{X ^Y)^ A{X ^ Y) 

satisfies the normalization condition: 7a ([-'^ — ^ ^]) — [/]■ 
We have unique natural transformations 

lA.-Kln\^^*=A* (or CH,) 

such that for any smooth scheme X, 7a*([-'^ X]) = [X] G A^:{X) and 

7A* : M^™P* -^A* = A* (or CH*) 

such that for any scheme X, 7a* ([^ ^ X]) ^ I e A*{X). Here = CH^ is the 
Chow homology group and A* = CH* is the Chow cohomology group (see f6l). 

(4) Bivariant algebraic X-theory Kaig: Let V be the category of quasi -projective 
schemes. Then there is a unique Grothendieck transformation 

'Pro f 

such that for f : X ^ Y E Sni the homomorphism 7Kaig '■ ^snTi-^ — > Y) ^ 

Kaig(X ^ Y) satisfies the normalization condition: "i¥.^ig_{[X X]) = Of. For the 
canonical orientation Of, see [Q, Part II, §L2. We have unique natural transformations 

7K, ■.U^''°P ^Kai„ =Kn"'^ 
such that for any smooth scheme X, Jk^i^^H^ ^]) = [Ox] ^ -^'o^^(^) ^i^d 



such that for any scheme X, 7k,,/ ([^ ^ X]) = 1 e K^i^iX). 

(5) Bivariant topological iiT-theory Ktop: Let V be the category of quasi-projective 
schemes. Then there is a unique Grothendieck transformation 

such that for f : X ^ Y £ Sm the homomorphism 7Kt„p : Mg™''(X Y) ^ 
IKtop(-'^ ^ Y) satisfies the normalization condition: 7Ktop([^ -^]) = For the 
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construction of the canonical orientation Af, see f7T|, Part II, §1.3, or HI, §IV.4. We have 
unique natural transformation 

such that for any smooth scheme X, jjt^^^ ^^{[X ^ X]) = {X} G K'Q°''iX) and 

such that for any variety X, 7Ktop*([^ ^]) = 1 ^ -^top(^)- For more details of the 
topological ii'-theory, see ||2jj. 



Corollary 3.5. (Ana'ive "motivic" bivariant characteristic class) Let ci : H*( 
Rbe a multiplicative characteristic class of complex vector bundles with a suitable coeffi- 
cients R. Then there exists a unique Grothendieck transformation 

satisfying the normalization condition that for f : X ^ Y G Sm 

^^'i[x^x])^ce{Tj).Uj. 

Here Tf is the relative tangent bundle of the smooth morphism f. 

Proof. It suffices to point out that the multiplicative characteristic cohomology class 
c£{Tf) e H*{X) = H(X X) satisfies the following properties: 

(1) For smooth morphisms f : X ^ Y and g : y — > Z we have 

d{Tf) . g*d{Tg) = cl{Tf) U cl{9*T,) = diTg.f). 

(2) cl{T,A^)^leH*{X). 

(3) for any fiber square with f : X ^Y G Sm 

X' — ^ X 

•i 1' 

Y 

g*c£{Tf)^c£{Tf,). 

□ 

Corollary 3.6. (A naive "motivic" characteristic class of singular varieties) Let c£ : 
K'^ H*{ ) ® R be a multiplicative characteristic class of complex vector bundles 
with a suitable coefficients R. Then there exists a unique natural transformation 

such that for a smooth variety 

ci4[v ^v])^ci{TV)n[v]. 

Here TV is the tangent bundle ofV. 

Remark 3.7. In the case of algebraic varieties the covariant theory M^J^°''^ is used in 
im (see also 13) (in which it is denoted by IsqP^ (sni/X)) and there is a canonical natural 
transformation from M^JJ°^^ to the covariant functor Kq (Var / ) of relative Grothendieck 
group of varieties; 

can:MZ°MX)^Ko{Var/X) 



Y' > Y 

a 
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which is surjective for any variety X and F. Bittner f3\ proved that its kernel is described 
by the so-called "blow-up relation" (see also [4J). 



Kn{Var/X) ^ ^ H^X) ® R 

Certain restrictions are required on multiplicative characteristic classes c£ so that a ho- 
momorphism \\ : Ko{Var / X) H^,{X) ® R exists and the above triangle becomes 
commutative. For more details of such a homomorphism [\ : KQ{Var / X) H^,{X) R, 
see (see also lfT6l ). 

Further discussions on "motivic" bivariant characteristic classes will be done in a dif- 
ferent paper. 

Remark 3.8. (Riemann-Roch Theorems) We have the following commutative diagrams: 




Kalg ^ Ktop Ktop — ^ Hq 

(i) a : Kaig ^top is a Grothendieck transformation such that for a £.c.i morphism 
f:X^Y,aiOf)=Af. 

(ii) ch : Ktop Hq is a Grothendieck transformation such that for an £.c.i morphism 
f : X ^Y, a{Af) = td{Tf)»Uf, wheietd{Tf) is the total Todd cohomology class of the 
relative tangent bundle Tf of the smooth morphism /. The composite choa : Kaig — > Hq 
is a bivariant version of Baum-Fulton-MacPherson's Riemann-Roch r : Kq H^,q (see 
n] and |l6l). Thus one could say that ch o a : Kaig ^ Hq and ch : Ktop Hq are 
reaUzations of a "motivic" one: 7^'* : M^™^ Hq. 

4. Oriented Bivariant Theories 

Levine-Morel's algebraic cobordism is the universal one among the so-called oriented 
Borel-Moore functors with products for algebraic schemes. Here "oriented" means that 
the given Borel-Moore functor H^, is equipped with an endomorphsim ci(L) : H^,{X) 
H^,{X) for a line bundle L over the scheme X. Motivated by this "orientation", we in- 
troduce an orientation to bivariant theories for any category, using the notion of fibered 
categories in abstract category theory, e.g, see 1 17|. 

Definition 4.1. Let £ be a fibered category over V. An object in the fiber C{X) over an 
object X G V is called an "fiber-object over X ", abusing words, and denoted by L, M, 
etc. 

Definition 4.2. Let B be a bivariant theory on a category V and let £ be a fibered category 
over V. For a fiber-object L over X, the "operator" on B associated to the fiber-object L, 
denoted by ^(-Zv), is defined to be an endomorphism 

(t){L) : M{X ^Y) ^ M{X ^ Y) 

which satisfies the following properties: 

(0-1) identity: If L and L' are fiber-objects over X and isomorphic, then we have 

(t){L) = (t){L') : M{X ^Y) ^ B(X ^ Y). 
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(0-2) coimnutativity: Let L and L' be two fiber-objects over X, then we have 



<^(L) o (j){L') = (l){L') o (j){L) : M{X ^ Y) 



^ Y). 



a e 
Y 



(0-3) compatibility with product: For morphisms f : X ^ Y and g : Y ^ Z, 

F) and /3 G M{Y Z), a fiber-object L over X and a fiber-object M over 



0(i:)(a . P) = ^{L){a) . /3, (l){r M){a •P)=a» 4>{Mm 

(0-4) compatibility with pushforward: For a confined morphism f : X Y and a 
fiber-object M over K 

/*(</.(rM)(a))=</,(M)(/.a). 

(0-5) compatibility with pullback: For an independent square and a fiber-object L 

over X 



X' 



/' 



Y' 



X 



Y 



g* {m{a))^4>{9'*L){g*a). 

The above operator is called an ''orientation" and a bivariant theory equipped with 
such an orientation is called an oriented bivariant theory, denoted by OB. An oriented 
Grothendieck transformation between two oriented bivariant theories is a Grothendieck 
transformation which preserves or is compatible with the operator, i.e., for two oriented 
bivariant theories OB with an orientation and OB' with an orientation (j)' the following 
diagram commutes 



l'{X ^ Y) 



4>'{L) 



m{x ^ Y) 



l'{X A Y). 



Remark 4.3. All we need above is only the fact that it is " closed under pull-back" or 
"closed under base change". Thus, in this sense, we can define the above operator for a 

certain class C of morphisms which is closed under base change; i.e., f : L X G Of 
and only if for any morphism g : X' ^ X ^ V and the fiber square 



X' > X, 

a 

the pull-back f : L' ^ X' belongs to jC. Originally we considered this situation, however 
we delt with more generally fibered categories (suggested by Jorg Schiirmann). 



The following lemma shows that Levine-Morel's oriented Borel-Moore functor with 
products is a special case of an oriented bivariant theory. 

Lemma 4.4. Let OB be an oriented bivariant theory on a category V with C a fibered cat- 
egory over V. Then the orientation (p on the functors OB^ and OB* satisfies the following 
properties: 

(1) Let L and L' be two fiber-objects over X, then we have 

cl>{L) o cj>{L') = cf>{L') o cf>{L) : OB,(X) ^ OB,(X), 
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o (l){L') ^ (j){L') o 4>{L) : m*{X) OB*(X), 

and if L and L' are isomorphic, then we have that (t>{L) — (p{L') for both OB^ and OB*. 

(2) For a fiber-object L and a e OB^(X) and (3 e OB^F), we have 

cj){L){a)xl3^^{pi*L){axP). 
Also, for a G OB*(X) and (3 G OB*(r), we have 

4>iL){a) X (3 = (j){pi*L){a x (3). 

Here pi : X x Y ^ X is the projection. 

(3) For a confined morphism f : X —t Y and a fiber-object M over Y, we have 

o M) = 0(M) o /, : OB,(X) ^ OB,(r). 

(4) For a specialized morphism f : X Y ^ S (here we just require that f is 
canonically OM-oriented) and a fiber-object M over Y, we have 

(bif*M) of=f-o (j){M) : OB,(r) ^ m,{x). 

(5) For a confined and specialized morphism f : X ^ Y and a fiber-object M over Y, 
we have 

/i o 0(/*M) 0(Af) o /! : <m*{x) OB*(r). 

(6) For any morphism f : X Y and a fiber-object M over Y, we have 

0(/*M) of*^f*o (l){M) : OM*(Y) OM*{X). 

Proof (1) follows from (O-l) and (0-2). 

(2) follows from the first formula of (0-3). 

(3) follows from (0-4). 

(4) follows from the second formula of (0-3). 

(5) follows from the first formula of (0-3) and (0-4). 

(6) follows from (0-5). □ 

Example 4.5. All the examples, except the bivariant theory F of constructible functions, 
given in Example (I3.4l l are in fact oriented bivariant theories, if we consider line bundles 
(or any bundles) for a fibered category and Chern classes (or any characteristic classes) 
for operators. The operator 4'{L) := ci{L)» is taking the bivariant product with the first 

Chern class as a bivariant element ci{L) in the bivariant group of the identity X — ^ X. 
One can of course consider another operator (j)'{L) := c{L)», the bivariant product with 
the total Chern class of the line bundle. Then it follows from the axioms of the bivariant 
theory that this operator satisfies the properties (0-2) — (0-5). For example, in the case 
of bivariant homology theory H: For a line bundle L ^ X, the first Chern class operator 

£i{L) : m{X ^ Y) m{X ^ Y) is defined by ci(L)(a) := ci(L) • a, where 

ci{L) € Il{X — ^ X) = H*{X) is the first Chern cohomology class of the line bundle. 

However, as to the bivariant theory F of constructible functions, F*(X) = ¥{X ^ X) 
consists of locally constant functions. So, for a vector bundle E over X, we do not know 

any reasonable geometrically or topologically defined operator (/){E) : ¥{X -^^^ X) — > 

¥{X ^^^^ X) other than the multiplication of the rank of the vector bundle E. 

In fact, mimicking Levine-Morel's construction [12], we show the existence of a uni- 
versal one among such oriented bivariant theories for any category V and a fibered category 
C over the category V . 

Let us consider a morphism hy ■ V ^ X equipped with finitely many fiber-objects 
over the source variety V of the morphism hy'- 

{V ^X;Li,L2,--- ,Lr) 
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with Li being a fiber-object over V. Note of course that we can consider only the morphism 

{V ^ X) without any fiber-objects equipped. This family is called a cobordism cycle 

over X, following [ 12] (see also [jH]). Then [V X; Li, L2, • • • , i, ') is defined to be 

isomorphic to {W -^^^ X; Mi, M2, ■ ■ ■ , Mr) if and only if hy and hw are isomorphic, 
i.e., there is an isomorphism g : V ^ W over X, there is a bijection cr : {1, 2, ■ • ■ , r} = 
{1, 2, ■ • • , r'} (so that r — r') and there are isomorphisms Li = g*M„(^i) for every i. 

Theorem 4.6. (A universal oriented bivariant theory) Let V be a cateogry with a class C 
of confined morphisms, a class of independent squares, a class S of specialized morphisms 
and afibered category C over V. We define 



{X ^ Y) 



to be the free abelian group generated by the set of isomorphism classes of cobordism 
cycles over X 

[V ^X;Li,L2,--- ,Lr] 
such that the composite of h and f 

foh:W^YeS. 

(1) The assignment OM^ becomes an oriented bivariant theory if the four operations 
are defined as follows: 

Orientation For a morphism f : X ^ Y and a fiber-object L over X, the operator 



$(L) : OM^(X ^ y) ^ OM^(X A Y) 



is defined by 



HL){[V ^ X; Li,L2, • ■ • , Lr]) [V ^ X; Li, L2, • • ■ , ^r, (hy)* L]. 

Product operations." For morphisms f : X —i- Y and g : Y —t Z, the product 
operation 

• : 0M|(X ^Y)(E) OMg(r ^ Z)^ om|(x ^ Z) 
is defined as follows: The product on generators is defined by 

[V ^X-Li,--- ,Lr]*[W ^Y;Mi,--- ,M,] 

:= [V X; k'^*Li, • • . , k'^*Lr, (/' o h'y)*Mi, •••,(/' o h'y)*M,], 

and it extends bilinearly. Here we consider the following fiber squares 

V X' — ^ w 



V > X > Y > Z. 



Pushforward operations.- For morphisms f : X ^ Y and g : Y Z with f confined, 
the pushforward operation 

: OM^(X ^ Z)^ QM%{Y ^ Z) 

is defined by 

f* lj2ny[V ^X;Li,--- ,Lr] \ ^ [1/ F; Li, • • • , L,]. 

\ V / V 
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Fullback operations; For an independent square 



X' 



f 



Y' 



X 



the pullback operation 



is defined by 



iiX ^ Y) 



(Y^nv[V^X;Lu---, Lr]] := nv[V' ^ X'; g"*L,, • • • , g"*Lr 

\ V J V 



where we consider the following fiber squares: 

V' ^" 



X' 



f 



Y' 



V 



X 



Y. 



(2) Let OBT be a class of oriented bivariant theories OB on the same category V with 
a class C of confined morphisms, a class of independent squares, a class S of specialized 
morphisms and a fibered category C over V. Let S be nice canonically OM-oriented for 
any oriented bivariant theory OB e OBT. Then, for each oriented bivariant theory OB G 
OBT with an orientation (j) there exists a unique oriented Grothendieck transformation 



such that for any f : X Y € S the homomorphism 
Y) satisfies the normalization condition that 



${X ^Y)-* OB(X 



7ob([X ili. X; Li, • • • , Lr]) = ^{L,) o • • • o <^(L,)(^ob(/)). 

Proof. (1): It is easy to see that the above four operations are well-defined. Here we also 
make the following observations: 

Observation (*): Let L be a fiber-object over X. For [X ^ X;L]e OM%{X X) 



and[V 



hy 



X; Li, L2, ■ 



^{X ^ Y),hy the definition of bivariant product 



and by using the following fiber squares 



V 



hv 



X 



idx 



V 



X 



idx 



V 



X 



Y 
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we have 

[X ^X;LHV ^X;L,,L2,--- ,Lr] 

= [V ^X;{hvrL,Li,L2,--- ,Lr] 
= [V I^X;LuL2,--- ,Lr,{hv)*L] 
= <^{L){[V ^X-L^,L2,--- ,Lr]) 

Hence the above operator : OM%{X ^ Y) ^ OM%{X ^ Y) is the same as 

[X — ^ X; L]», i.e., taking the bivariant product with the "motivic" class of L, [X 

X;L] & <QM%{X ^ X). 

Observation (**) : For [V ^ X- L,] e OM^(X U Y) with U a fiber-object over V, 
we have [V ^ V; U] e OMg(y Y) and 

[V^X;Li] = hv4V^V;Li]. 

In general, [V X;Li,-- , Lr] = V;Li,--- , Lr]. Furthermore we have 

[V ^V;L,] = <i>{L,){[V ^V]). 

In general, [V ^ V;Li,- ■ ■ ,Lr] = o • • • 'i>{Lr){[V ^ V]). Therefore we get 

that 

[V^X;L^,... , Lr] = hv. ($(ii) o • • • o ^Lr){[V ^ V])) . 
(2): Suppose that there is an oriented Grothendieck transformation 

7 : OM$ -> OB 

satisfying that for any f : X ^ Y E S the homomorphism 7 : OM.g{X Y) ^ 

Om{X A Y) satisfies that 'y{[X ^ X]) = 0oK{f)- It suffices to show that the value of 
any generator 

[V ^ X;Li,--- , Lr] e OMg(X ^ Y) 
is uniquely determined. From the above Observation (**), we have 

1{[V ^ X; ii, ■ • • , Lr]) = 7 {hv. o ■ ■ ■ o ^Lr)i[V ^ V]) 

= hv. (7 o • • • ° ^Lr){[V ^ V]))) 

= hv. (HLi) o • • • o <A(L.)7([V ^ 1^])) 

= /ly, O • • • O 4>{Lr)6im{f O hv)) 

Thus the uniqueness follows. 

Next, we show the existence of such an oriented Grothendieck transformation satisfying 
the above normalization condition. We define the assignment 

70B : OM${X ^Y)^ OM{X ^ Y) 

by 

7ob([^ ^ X:Li,--- , Lr]) := hy* WLi) o • • • o <p{Lr)9ov{f o hy)) ■ 

This certainly satisfies the normalization condition. 

The rest is to show that it is an oriented Grothendieck transformation. 
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(i) it preserves the product operation:It suffices to show that 

70B {[V ^ X; Li, • • • , Lr] . [VF F; A/i, • • ■ , M,]) 

= jom{[V ^X;Li,--- ,Lr])'joM{[W ^Y;Ah,--- ,M,]) 
Using some parts of the proof of Theorem (13.11 ), we have 

70B [[V ^ X; Li, • • ■ , Lr] •[W ^Y^M^,--- , M,]) 

= 70B([r X; k'^*L,, • . • , k'^Lr, if o h'yYM,,- •■,(/' o /i^)*M,]) 

= hv*k'^^((l){k'^* Li) o • • • o (/)(/c;^*Lr)o 

'^((/' ° h'yrMl) O . . . O ,/,((/' O /iV)*M,))(0Ob(/' O h'y) . (?OB (ff O kw))) ■ 

Here we use the property (0-4) compatibility witli pushforward and (0-3) compat- 
ibility with product [0(/*M)(a • 0) = a • 0(Af)(/3)], the above equahty continues as 
follows: 

= hv^{(j>[Li) o • • • o cj){Lr) o k'{y^ 

mf ° h'y)* Ml) o . . . o o /lV)*Ms)) (eOB(/' o h'y) . 0oB(g o A^H')). 

= /ly^ (0(il) o • • • o o (fc(^)* 

(eoB(/' o /I'y) • (0(^^i) ° ■ • ■ ° </'(*^.)) ^ob(5 ° few)) • 
= hv^{<j){Li) o • • • o o fc(^^ 

((/cw)*6'ob(/ o hv) • o ■ • ■ o 0(M«)) 6'ob(5 ° ^w))- 

= hy^ {(j>{Li) o ■ • • o 

(^'ob(/ o /ly) • few, o • • • o (/)(Ms)) 6'oB(g o few/)) 

(by (B-7) projection formula). 

Furthermore, using (0-3) compatibility with product [(j){L){a • (3) = (f){L){a) • (3 ] 

and by (B-4), it continues as follows: 

= hv* (^(ii) o • • • o (i){Lr)0m{f o hy)) • 

kw* (0(Mi) o • • ■ o (f){Ms)0oM{9 ° kw)) 
= 1om{[V ^ X; ii, • • • , Lr]) . 70b([M^ ^ F; Mi, • • • , M,]) 

(ii) it preserves the pushforward operation:Consider X ^ Y Z and a confined 
morphsim /ly : F — > X such that the composite {g o f) o hv ■ V ^ Y is in S. For 
a generator 

[V ^ X;Li,--- Lr] e OMg(X ^ Z), 

we have 

7oB(/4^^^;ii,-- - 

= 7ob([^^ l^i'H^ F;Li, • • • ,Lr]) 
= if ° hv)* (HLi) o • • • o (j){Lr)iOoMig o (/ o hy))) 
= f*hv* iHLi) o • • ■ o 0(Lr)6'oB((5 ° /) ° ^v)) 
= /*7ob([^ ^ X; Li, • • ■ , Lr]). 



ORIENTED BIVARIANT THEORffiS, I 



23 



(iii) it preserves the pullback operation: Consider a confined morphsim hy ■ V X 
such that the composite f o hy ■ V ^ Y isiaS and the fiber squares given in Pullback 
operations above, we have 

= ^Om{[V' ^X';g"*Lu--- ,g"*Lr]) 

= W*Li) o • • • o (l>{g"*Lr)0oM{f o h'y)) 

= h'y^ {Hg"*Li) o . . . o <l>{g"*Lr)g*eoM{f o hy)) 

= h'y^g* WLi) O • • • O (l){Lr)9os{f o hy)) 

= g*hy, (0(Li) O . . . o <j){Lr)9oK{f o hy)) (by (B-5)) 

= g*jOM{[V ^X;L^,--- ,Lr]). 

□ 

Corollary 4.7. The abelian group GM%^{X) -.^^ GiM%{X pt) is the free abelian group 
generated by the set of isomorphism classes of cobordism cycles 

[V ^X;Li,--- ,Lr\ 
such that hy : V ^ X Cz C and V ^ pt is a specialized map in S and Li is a fiber-object 

over V. The abelian group QM%\X) nM%{X ^ X) is the free abelian group 
generated by the set of isomorphism classes of cobordism cycles 

[V^X-L^,--- ,Lr] 

such that hy : V ^ X C r\ S and Li is a fiber-object over V. Both functor OM^^ 
and OM ^ are oriented Borel-Moore functors with products in the sense ofLevine-Morel. 

Corollary 4.8. (A universal oriented Borel-Moore functor with products) Let BT be a 
class of oriented additive bivariant theories B on the same category V with a class C of 
confined morphisms, a class of independent squares, a class S of specialized maps and 
a fibered category C over V. Let S be nice canonically OM-oriented for any oriented 
bivariant theory OB € OBT. Then, for each oriented bivariant theory OB G OBT with 
an orientation 4>, 

(1) there exists a unique natural transformation of oriented Borel-Moore functors with 
products 




such that ifiTx ■ X pt is in S 

■yOB„[X X;Li,--- ,Lr] = <p{L) O ■■■0(P{Lr){'Kx'{lpt)), 

and 

(2) there exists a unique natural transformation of oriented Borel-Moore functors with 
products 




such that for any object X 

70«*[X ^ X; Li, • • • , Lr] = (l>{L) o . . . o (f>{Lr){lx)- 
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Remark 4.9. (1) Let k be an arbitrary field. In the case when Vk is the admissible sub- 
category of the category of separated schemes of finite type over the field k, C = Vroj 
is the class of projective morphisms, S = Sm is the class of smooth equi-dimensional 
morphisms and £ is the class of line bundles, then 0M'^^\(X) = OM'^^^X pt) 
is nothing but the oriented Borel-Moore functor with products given in fT2\. In 

this sense, our associated contravariant one OWl^^"-' (X) = OM^™-' (X X) is a 

"cohomological" counterpart of Levine-Morel's "homological one" {X). Note that this 
cohomological one OM^™"' (X) for any scheme X is the free abelian group generated 

by [V X; Li, • • ■ , Lr] such that hy -V ^ X is a. projective and smooth morphism. 

(2) One can see that in (1) Vroj can be replaced by Vrop. And furthermore one can 
consider OM^^°^ and OM^^^^^, which will be treated in IMI- Here Cci is the class of 
local complete intersection morphisms. 

An oriented bivariant theory can be defined for any kind of category as long as we 
can specify classes of "confined morphisms", "specialized morphisms" together with nice 
canonical orientations, "independent squares" and a "fibered category" over the given cat- 
egory. The above oriented bivariant theory is the very basis of other oriented bivariant 
theories of more geometric natures. In |20| we will deal with a more geometrical oriented 
bivariant theory, i.e., what could be called bivariant algebraic cobordism or algebraic bi- 
variant cobordism, which is a bivariant version of Levine-Morel's algebraic cobordism. 
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